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) Review

 ZF Axiom System
— Russell’'s paradox in naive set theory.
— Subset axiom schema, Axiom of regularity

« Cardinality of Sets
— Cardinality of finite sets. Principle of inclusion and exclusion.
— Cardinality of infinite sets. Comparing cardinality.
— Cantor’s Theorem.

— |Problems| > |Programs|
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How we investigate computability?

2.1 Discussion on
Problems

Part3. Capture Structures:
Binary Relation & Function
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What is the structure of a problem?



) Tic Tac Toe

« Two players take turns marking the spaces in a 3x3 grid.

» The player who succeeds in placing three of their marks in a
horizontal, vertical, or diagonal row is the winner.

X X0

X 0O
O X
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) 15 Points

* Two players take turns to select a card with points from 1 to 9.

 The player who picks three cards whose sum equals 15 wins.
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Take a deeper look.



X X0
X 0O
O X

DN oY

81
3/ 5
4 9

They only differ in their surface structure, but
are based on an identical deep structure!!



) Structure of a Problems

» A collection of objects.
— Cells in Tic Tac Toe.
— Cards in 15 points.
— Students in cdm class.

 The connection between objects.
— Three cells are in a same horizontal, vertical, or diagonal row.
— Sum of three cards equals 15.
— Two students come from the same city.
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) Structure of a Problems

» A collection of objects.

— Cells in Tic Tac. Toe. Set Theory
— Cards in 15 points.

— Students in cdm class.

2022/11/25
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) Structure of a Problems

 The connection between objects.
— Three cells are in a same horizontal, vertical, or diagonal row.
— Sum of three cards equals 15.

— Two students are in same desk. Relation & Function

2022/11/25
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What are relations?



) Relations

« We've seen a lot of relations:

— Between sets:
A=B,ACB,A+B
— Between numbers:
X<y,x=yx E{
— Between cards:
C1 + Co + C3 = 15

2022/11/25

X =, Yy means x%k=y%k
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) Relations

« We've seen a lot of relations:

— Between sets: - , .
A=B ACB A+B |Connection between two objects

- Binary Relation
— Between numbers: J

X<Y,X=y,Xx=,y _
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) Relations

« We've seen a lot of relations:

— Between cards:
C1 + Co + C3 = 15

Connection between thiree objects
Trinary Relation
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) Relations

« We've seen a lot of relations:

— Between sets:
A=B,ACB,A+B
— Between numbers:
x < }C:X = j/,JC EEk )/
— Between cards:
C1 + Co + C3 = 15

 We only focus on binary relations.

2022/11/25
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) Ordered Pair

Ordered pair (a, b) is collection of two elements a, b that has a
as its first element and b as its second elements.

* Ordered pair {(a, b) satisfies:
— a+ b= (ab)+ (b,a)
— {(a,b) ={(c,dyoa=cAb=d

« Examples:
— (1,2) and (2,1) are two different ordered pair.
— (1,1) is also an ordered pair.

2022/11/25
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) Ordered Pair and Set

 We can use set to describe an ordered pair.
- Define that : (a, b) = {{a},{a, b}}
 Ifa#b:
(a,b) = {{a},{a, b}} # {{b},{b,a}} = (b, a)
* If(a,b) = (c d):
{{a},{a,b}} ={{c},{cd}} @ a=cAnb=d

2022/11/25
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) Cartesian Products

-

\_

The Cartesian product of the sets A4,B, donated by 4 X B, is the
set of ordered pair (a, b) wherea€ Aand b € B

AXB ={(ab)la€e ANDb € B}

~

- LetA={1,2},B ={1,2,3}
— OXA=BX0=0
— AX B =1{(1,1),(1,2),(1,3),(2,1),(2,2),(2,3)}
— BxA=1{(1,1),{(1,2),(2,1),(2,2),(3,1),(3,2)} # AX B

2022/11/25
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) Cartesian Products

3 ©
B={123} 2 (0]
1 o
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AXB
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What exactly is a binary relation?



2022/11/25
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has same
color with

. has same color with ‘

has same color with

A has same color with .
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has same
shape with

. has same shape with .

has same shape with ‘

A has same shape with
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has more
angl es than

. has more angles than

. has more angles than ‘
A has more angles than ‘

25



Jeae - L@ (4 A
has same
sapeviin (ILED (0. @) (A, 1)
has more
anglesthan (I, 2 (0. @) (A @)

2022/11/25 26



(B, L) (A )
(AW .| A B
MO .©® A @

2022/11/25

27



2022/11/25

has same color with

() (s )
(. | (),

(@ « .0

J

)

(A LD

)

28



2022/11/25

has same shape with
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has more angles than

1 VG RY Vs
(. . Al

(.@® « O A @)
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) Binary Relation

[Let A,B be sets. A binary relation from A to B is a subset of 4 X B. ]

* In other words, a binary relation from A to B is a set R of ordered
pairs, where the first element of each ordered pair comes from A
and the second element comes from B.

— aRb means (a,b) € R
— aRb means (a,b) ¢ R

 Arelation on a set 4 is a relation from A4 to A4, oris a subset of 4 x A.
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) Domain, Range and Field

For a relation R from A to B, we define:
— The domain(xE X 1%)of R is:

dom(R) = {x|(3y)({x,¥) € R)}
— The range({E13)of R is:

ran(R) = {y|(3x)({x,y) € R)}
— The field(i%)of R is:
fld(R) = dom(R) U ran(R)

2022/11/25
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Binary Relation

For set A = {1,2,3}, define:
- Ry ={x,y)lx e ANy € Anx|y}
— Ry, ={x,y)[xEANYyEANX <Y}

Then
— 1R,2, 2R,3
- Ry ={(1,1),(1,2),(1,3),(2,2),(3,3)}
- Ry ={(1,2),(1,3),(2,3)}
— dom(R,) = {1,2,3}, ran(R,) = {1,2,3}, fld(R,) = {1,2,3}
— dom(R,) = {1,2}, ran(R,) = {2,3}, fld(R,) = {1,2,3}

2022/11/25
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) Special Relations

* For any set A, there are three kinds of special relations.
— The identity relation ([BEZEXER) :
Iy = {{x,%)|x € A}
— The universal relation (£1EXX) :
Es={x,y)lx€e ANy € A}
— The empty relation (ZXER) :
Ny=0
* For arbitrary elements x e Aand y € A:
— xN,y holds never
— xE,y holds always
— xlyy holdsifandonlyif x =y

2022/11/25
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) Relation Matrix(X R IE%)

* Suppose that R is a relation from A = {aq,a,,as;, ...,a,} t0 B =
{b1,b,, bs ..., b, }. Then the relation R can be represented by zero-one
matrix Mg = (m;;) , where:

(1 if(anb)eRr
" Z00 if(ay bj) & R

 If Ris arelationon 4 = {a4,a,,as ...a,,}, then the relation matrix of

Ris am xmsquare Mg = (my;)
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) Relation Matrix: Example

Let A ={1,2,3,4}, the relation Ry on A is:

Ry ={(1,1),(1,3),(2,1),(2,3),(2,4),(3,1),(3,2), (4, 1) }

The relation matrix of Ry is:

Mp, =

o = O O

1 1
—_ = =
OO = =
o O = O

| ]

2022/11/25
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) Relation Matrix: Example

|dentity relation I

S
|
-
-
—_
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) Relation Matrix: Example

Universal relation E:

2022/11/25

38



) Relation Matrix: Example

Empty relation N:

S
|
o o
o o
o o
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) Digraphs(XEHE])

2022/11/25

Defination

A directed graph,or digraph, consists of a set V of vertices (or nodes)
together with a set E of ordered pairs of elements of V called edges (or
arcs). The vertex a is called the initial vertex of the edge (a, b), and the
vertex b is called the terminal vertex of this edge.

The directed graph with
vertices a, b, ¢, and d, and
edges (a,b), (a,d), (b,b),
(b,d), {c,a), {c,b), and (d, b)
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Digraphs

Digraph of Relation R on set A:
@ Vertices : Elements of A
e Edges: Ordered pairs in R
The directed graph of the relation

Ry = {(1,1),(1,3),(2,1),(2,3),(2,4),(3,1), (3,2), (4, 1)}

on the set {1,2,3,4} is:

2022/11/25
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) Combining Relations
 Because relations from A to B are subsets of A X B, two relations
from A to B can be combined in any way two sets can be combined.

Let A= {1,2,3} . The relations Ry = {(1,1),(1,3),(2,1),(3,2)} and
Rs = {(1,1),(1,3),(2,2),(2,3),(3,1)} can be combined to obtain:

o RyURy = {(1,1),(1,3),(2,1),(2,2).(2,3). (3.1), (3,2)}
e RiNRy={(1,1),(1,3)}

© Ry — Ry =1{(2,1),(3,2)}

o Ry — R =1{(2,2),(2,3),(3,1)}

o i@ Ry =1{(2,1),(2,2),(2,3),(3,1),(3,2)}
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) Combining Relations: Relation Matrix

Or represent in matrix:

1 0 1 1 0 1
Mp,=|1 0 0|, Mg,=|0 1 1 [,then:
0 1 10 0|
10 1 (10 1]
Mpor,=|1 1 1|, Mgrr,=]0 0 0
110 0 0 0]
"0 0 0 "0 0 0
Mp,_p,=11 0 0 Mp,p,o =0 1 1
01 0| 10 0
"0 0 0
Mpor, = | 1 1 1
11 0
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) Inverse of Relations (X ZEAiE)

Defination

Let R be a relation from a set A to a set B.The inverse relation of R,
denoted by R, is the set of ordered pairs {(b,a)|{a,b) € R} from B to A

Let A = {a,b,c}, arelation on A, R = {{a,b), (a,c), (b,a), (c,b)}, then:

R = {<bv a)? <Ca a), <a’r b), <bv C>}

2022/11/25
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) Inverse of Relations: Relation Matrix

R is a relation from A = {ay,a2,...ay,} to B = {b1,ba,...b,},then:
Mp-1 = ML, where M1 is the transpose of Mg

|

2022/11/25
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) Inverse of Relations: Relation Matrix

R is a relation from A = {a1,a9,...a;,} to B ={by,bs,...b,} then :

Mp-1 = ML, where M1 is the transpose of Mg

Proof:

Assume that Mg = (Sij)mxn Where s;; is the element. And
Mp-1 = (tij)nxm, Where t;; is the element.

If s;; =1, then we know (a;,b;) € R, according to the defination of
inverse, we have (bj,a;) € R™1,so tj; =1

If s;; =0, then we know (a;,b;) ¢ R. So (b;,a;) ¢ R™!, otherwise
<(L,;, b;) € R, then tji =0

In any case, we have s;; = t;;, and it means Mg and Mp-1 are transposed
each other. Q.E.D

2022/11/25
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) Composite of Relations (EZERS )

Let R be a relation from A to B, and S be a relation from B to C. The
composite of R and S, donate as So R, is:

SoR={(z,y)[(32)((z,2) € RA(z,y) € 5)}

Let A ={1,2,3} two relations on A,
R = {<1: 1)? <1v 3)? (21 1)? (29 2>}'S — {<1a 2)9 (29 3)? <31 1>a <37 3)]’

Then So R = {(1,1),(1,2),(1,3),(2,2), (2,3)}

2022/11/25
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) Composite of Relations

2022/11/25
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) Composite of Relations: Relation Matrix

Let A be a set and R and S are two relations on A, the relation matrix of

R and S are:
Mp = (ri;), Mg = (si5)

Then we have:
MSOR = MR @ MS — ('wij)

where © is the matrix boolean product and w;; = Vi_ (7 A Sk;)

2022/11/25
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) Property of Inverse and Composite

2022/11/25

@ dom(R™!) = ran(R)
Q@ ran(R™ 1) = dom(R)

Q@ (RFYHY =R
Q@ (SoR)!'=R1tos!

Q@ (RoS)oQ@=Ro(50Q)

Q RlO(RQURg):RloRQURloRg
(7 ] (RlURQ)OR?,:RlORgURQORQ,

Q@ Rio(RoNR3) CRioRyNRyo Ry
Q (RlﬂRQ)ORggRloRgﬂRQORg
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Rlo(Rzﬂ Rg)g RloRanloRg

Proof:

(x,¥) € Ry o (Ry N R3)

< (32)((x,z) € (R, NR3) A(z,¥) € Ry)

& (Az){((x,z) € R, A{x,z) E R3 AN(z,y) € R;)

= (Az2)({x,z) E R, AN{(z,y) € R{) A (A2){(x,z) € R3; A(z,Y) E Ry)
S (x,¥) € (Ry o Ry) A{x,y) € (Ry ° R3)

< (x,y) € (Ry ° Ry) N(Ry ° R3)

2022/11/25
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Power of Relations (RXZRE)

For a relation R on set A4, n € N, the nth power of R, donated by R™,
IS :

— R°=1,

_ }?114-1 — 1?71 o R
R = {{a, b),(b,a),{b, c),{c,d)}

— R = {(a,a),(b,b),{c,c),{d,d)}

— R'=R ={{a,b),(b,a),{b,c),{c,d)}

— R? =R*={(a,a),{a,c),{b,b), (b,d)}

— R®*=R®>={{a,b),(a,d),(b,a),(b,c)}

2022/11/25
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) Power of Relations

 Forarelation R on set A4, n € N, the nth power of R, donated by R™,
IS :
- R =1,
— Rntl —pnop
* R ={a,b)(b,a)(bc)cd)}
— R = {(a,a),(b,b),{c,c),{d,d)}

Some different power
of R are equal.

|
~
N
Il
~
=
Il
~
AN
&
Q
Y
AN
8
o
?/
AN
=
>y
?/
N\
=
U
\—/
—
—-——— e == - P

am - o o S - - S S S S S S S S S S S S e e . .
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)

Power of Relations

|

A is a finite set and |4| = n, R is a relation on A, then there exits natural
number s, t,s # t ,such that RS = R?

Proof:

Any relation on A is a subset of A X A, or an element of P(4 X A).

We know that |P (4 x A)| = 24%Al = 21AI* = 21* g0 there are finite many
relations on a finite set A. But there are infinite many powers of R. It means
there are different powers of R which are equal, or

(3s)(3t)(s e NAt ENAs #tARS=RY
Q.E.D
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) Power of Relations

e RMo RN = RMtn
© (R™" =R
 Ais afinite set and |4| = n, R is a relation on A4, and there exits
natural number s, t,s # t ,such that RS = R?
_ RStk — Rt"'k,k €N
_ RStkp+i — Rt"'kp”,k eNieNp=t—s

— Let B = {R% R, ...R*"1}, then for any natural number q, R? € B

2022/11/25
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How can we capture a structure with relations?



) Partitions(%143)
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) Partitions
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) Partitions

« A partition of a set is a way of splitting the set into disjoint,

nonempty subsets so that every element belongs to exactly one
subset.

Intuitively, a partition of a set breaks the set apart into smaller pieces.
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) Partitions

« More formally, for a non-empty set A, a set i is called the partition of
Aif:
- Q0é¢nmn
- (VX)) (xemr—>xC A
- Ur =4
— (VX)) (VY)(xEMAYyETTAX#Y) > xNYy = 0)
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) Partitions

Forset A = {a,b,c,d}
— my = {{a},{b, c},{d}}
— m; = {{a,b,c,d}}

— w3 = {{a,b},{c},{a, d}
- my4 = {{a,b,d}}

2022/11/25

} valid partitions

- not pavtition
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What is the relationship between partitions and relations?



) Relation in Partition

* For a partition  of set A, we can define a relation R such that aRb if
a and b are in a same partition block.
R={{ab)|(Amg)(my EMNaETYyAb € 1Ty)}

e Then we have:

— aRaforvae A
— If aRb, then bRa

— If aRb and bRc, then aRc

2022/11/25 73



) Relation in Partition

* For a partition  of set A, we can define a relation R such that aRb if
a and b are in a same partition block.

R = {{a,b)|(Amy)(my EMNAa Emyg A Db € )}

e Then we have:

An element s in the same partition

— aRaforvae A block with itself.

— |f aRb, then bRa If a and b are in the same block, then b
and b are in the same block too.

— If aRb and bRc, then aRc
If a and b are in the same block, b and ¢
are also in the same block, then a and ¢
- are in the same block which contains b.



) Relation in Partition

(Va)(a € A - aRa)
(Va)(Vb)((a€ ANb € ANaRb) » bRa)
> i
(Va)(Vb)(Vc)

(@eAAbeAAceEANaRDb ADbRc) - aRc)
\_ J
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) Relation in Partition

-

(Va)(a € A - aRa)

-

1\

4 )
\_ J
4 )
G J

2022/11/25
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) Reflexivity(B R %)

« Some relations always hold from any element to itself.

 Examples:
— x = x for any x
— ACS Aforanyset A
— x = x for any x

 Relations of this sort are called reflexive.

R on A is reflexive & (Va)(a € A - aRa)

2022/11/25
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) Reflexivity: Example
e Ijand E4
=2, <on kR

« R={(1,1),(2,2),(3,1)} on set A = {1,2,3}

2022/11/25
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) Reflexivity: Example

® IA and EA @
— aljaand aEja foralla e A

« =><onR ©

—a=aqa=2aqa<aforalaelR
« R=1{(1,1),(2,2),(3,1)}onsetA={1,23} ®
— (3,3) € R, it's not reflexive

2022/11/25
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) Relation in Partition

-

-

1\

(Va)(Vb)((a€e ANb € ANaRb) — bRa)

~N

\_

J
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) Symmetry(RIFRTE)

* In some relations, the relative order of the objects doesn't matter.

 Examples:
— fx=ytheny=x
— Ifx=,ytheny =, x

* These relations are called symmetric.

R on A is symmetric &
(Va)(Vb)((a€ ANb € ANaRb) - bRa)

2022/11/25
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) Symmetry : Example
e Ijand E4
« Ny

. R={(12),{2,1),(3,3)} on {1,2,3}

2022/11/25
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) Symmetry : Example

® IAandEA @

- aIAb g bIAa, aEAb - bEAa

. NA@

— aNyb — bNya always hold cause aN,b never holds

- R={(12),(21),(33)}on{1,23} ©

2022/11/25
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) Symmetry : Relation Matrix

[ R is symmetric & Mp is symmetric matrix ]

- Soif Ris symmetric, then R™1 = Ras Mp-1 = M} = My

* Mg, ,M;, and My, are both symmetric matrix

2022/11/25
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) Relation in Partition

> 3
(va)(vh)(Vc)

(@eAAbeANceEANaRDb AbRc) - aRc)
\_ J

2022/11/25
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) Transitivity({Ei 1)

« Many relations can be chained together.

 Examples:
— fx=yandy=zthenx =12z
— IfPcQandQcS,thenPCcS
— Ifx=,yandy =, z,thenx = z

 These relations are called transitive.
R on A is transitive ©
(Va)(vb)(Vc)((a€e AAbEANcEANaRD AbRc) - aRc)
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) Transitivity : Example
« Ijand E4
- N,

- R={{12),(2,3),(3,3)} on {1,2,3}

2022/11/25
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) Transitivity : Example
« IpandE; ()

. NA@

« R={(12),(23),(33)}on{1,23} ®
— (1,2)€R,(2,3) ERbut(1,3) & R

2022/11/25
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