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Review

• ZF Axiom System

– Russell’s paradox in naïve set theory.

– Subset axiom schema, Axiom of regularity

• Cardinality of Sets

– Cardinality of finite sets. Principle of inclusion and exclusion.

– Cardinality of infinite sets. Comparing cardinality.

– Cantor’s Theorem.

– 𝑃𝑟𝑜𝑏𝑙𝑒𝑚𝑠 > |𝑃𝑟𝑜𝑔𝑟𝑎𝑚𝑠|
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How we investigate computability?

2.1 Discussion on 

Problems
2.2 Discussion on 

Computation

2.3 Discussion on 

computability

Part1. Intro & Set theory⟨I⟩ : 

Basics & Formal Language.

Part2. Set Theory⟨II⟩: Axiom 

system & Cardinality.

Part3. Capture Structures: 

Binary Relation & Function

Part1. Turing Machine Basics.

Part2. Variants of Turing 

Machine. Church-Turing Thesis.

Part1. The Language of Turing 

Machine. R & RE

Part2. Undecidability.
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What is the structure of a problem?
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Tic Tac Toe

• Two players take turns marking the spaces in a 3 3 grid. 

• The player who succeeds in placing three of their marks in a 

horizontal, vertical, or diagonal row is the winner.
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15 Points

• Two players take turns to select a card with points from 1 to 9.

• The player who picks three cards whose sum equals 15 wins.
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Take a deeper look.
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They only differ in their surface structure, but 
are based on an identical deep structure!!
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Structure of a Problems

• A collection of objects.

– Cells in Tic Tac Toe.

– Cards in 15 points.

– Students in cdm class.

• The connection between objects. 

– Three cells are in a same horizontal, vertical, or diagonal row.

– Sum of three cards equals 15.

– Two students come from the same city.
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• A collection of objects.

– Cells in Tic Tac Toe.

– Cards in 15 points.

– Students in cdm class.

• The connection between objects. 

– Three cells are in a same horizontal, vertical, or diagonal row.

– Sum of three cards equals 15.

– Two students are in same desk.

Structure of a Problems

2022/11/25

Set Theory
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Structure of a Problems

• A collection of objects.

– Cells in Tic Tac Toe.

– Cards in 15 points.

– Students in cdm class.

• The connection between objects. 

– Three cells are in a same horizontal, vertical, or diagonal row.

– Sum of three cards equals 15.

– Two students are in same desk.
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Relation & Function
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What are relations?
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Relations

• We’ve seen a lot of relations:

– Between sets: 

𝐴 = 𝐵, 𝐴 ⊆ 𝐵, 𝐴 ≠ 𝐵

– Between numbers:

𝑥 < 𝑦, 𝑥 = 𝑦, 𝑥 ≡𝑘 𝑦

– Between cards:

𝑐1 + 𝑐2 + 𝑐3 = 15

2022/11/25 13
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Relations

• We’ve seen a lot of relations:

– Between sets: 

𝐴 = 𝐵, 𝐴 ⊆ 𝐵, 𝐴 ≠ 𝐵

– Between numbers:

𝑥 < 𝑦, 𝑥 = 𝑦, 𝑥 ≡𝑘 𝑦

– Between cards:

𝑐1 + 𝑐2 + 𝑐3 = 15

2022/11/25

Connection between two objects
Binary Relation
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Relations

• We’ve seen a lot of relations:

– Between sets: 

𝐴 = 𝐵, 𝐴 ⊆ 𝐵, 𝐴 ≠ 𝐵

– Between numbers:

𝑥 < 𝑦, 𝑥 = 𝑦, 𝑥 ≡𝑘 𝑦

– Between cards:

𝑐1 + 𝑐2 + 𝑐3 = 15

2022/11/25

Connection between three objects
Trinary Relation
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Relations

• We’ve seen a lot of relations:

– Between sets: 

𝐴 = 𝐵, 𝐴 ⊆ 𝐵, 𝐴 ≠ 𝐵

– Between numbers:

𝑥 < 𝑦, 𝑥 = 𝑦, 𝑥 ≡𝑘 𝑦

– Between cards:

𝑐1 + 𝑐2 + 𝑐3 = 15

• We only focus on binary relations.
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Ordered Pair

Ordered pair ⟨𝒂, 𝒃⟩ is collection of two elements 𝒂, 𝒃 that has 𝒂
as its first element and 𝒃 as its second elements.

2022/11/25

• Ordered pair ⟨𝒂, 𝒃⟩ satisfies:

– 𝒂 ≠ 𝒃 ⇒ ⟨𝒂, 𝒃⟩ ≠ ⟨𝒃, 𝒂⟩

– ⟨𝒂, 𝒃⟩ = ⟨𝒄, 𝒅⟩ ⇔ 𝒂 = 𝒄 ∧ 𝒃 = 𝒅

• Examples:

– ⟨1,2⟩ and 2,1 are two different ordered pair.

– ⟨1,1⟩ is also an ordered pair.
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Ordered Pair and Set

2022/11/25

• We can use set to describe an ordered pair.

• Define that : 𝒂, 𝒃 = {𝒂}, 𝒂, 𝒃

• If 𝒂 ≠ 𝒃:

𝒂, 𝒃 = {𝒂}, 𝒂, 𝒃 ≠ {𝒃}, 𝒃, 𝒂 = ⟨𝒃, 𝒂⟩

• If 𝒂, 𝒃 = ⟨𝒄, 𝒅⟩:

{𝒂}, 𝒂, 𝒃 = {𝒄}, 𝒄, 𝒅 ⇔ 𝒂 = 𝒄 ∧ 𝒃 = 𝒅

18



Cartesian Products

The Cartesian product of the sets 𝑨,𝑩, donated by 𝑨 × 𝑩, is the 

set of ordered pair ⟨𝒂, 𝒃⟩ where 𝒂 ∈ 𝑨 and 𝒃 ∈ 𝑩
𝑨 × 𝑩 = {⟨𝒂, 𝒃⟩|𝒂 ∈ 𝑨 ∧ 𝒃 ∈ 𝑩}

2022/11/25

• Let 𝐴 = {1,2},𝐵 = {1,2,3}

– ∅ × 𝐴 = B × ∅ = ∅

– 𝐴 × 𝐵 = 1,1 , 1,2 , 1,3 , 2,1 , ⟨2,2⟩, ⟨2,3⟩

– 𝐵 × 𝐴 = ⟨1,1⟩, ⟨1,2⟩, ⟨2,1⟩, ⟨2,2⟩, ⟨3,1⟩, ⟨3,2⟩ ≠ 𝐴 × 𝐵
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Cartesian Products

2022/11/25

0

1

2

3

4

0 1 2 3

𝐴 × 𝐵

𝐵 = {1,2,3}

𝐴 = {1,2}
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What exactly is a binary relation?
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?
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has same 
color with

has same color with

has same color with

has same color with

23



2022/11/25

has same 
shape with

has same shape with

has same shape with

has same shape with
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has more 
angles than

has more angles than

has more angles than

has more angles than
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⟨ ,       ⟩

2022/11/25

?

has more 
angles than ⟨ ,        ⟩ ⟨ ,        ⟩

⟨ ,       ⟩

has same 
shape with

⟨ ,       ⟩ ⟨ ,        ⟩

⟨ ,       ⟩

has same 
color with

⟨ ,        ⟩ ⟨ ,        ⟩
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⟨ ,       ⟩

2022/11/25

×

⟨ ,        ⟩ ⟨ ,        ⟩

⟨ ,      ⟩ ⟨ ,        ⟩ ⟨ ,        ⟩

⟨ ,       ⟩ ⟨ ,        ⟩ ⟨ ,        ⟩
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⟨ ,       ⟩

2022/11/25

×

⟨ ,        ⟩ ⟨ ,        ⟩

⟨ ,       ⟩ ⟨ ,        ⟩ ⟨ ,        ⟩

⟨ ,       ⟩ ⟨ ,        ⟩ ⟨ ,       ⟩

has same color with
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⟨ ,       ⟩

2022/11/25

×

⟨ ,        ⟩ ⟨ ,        ⟩

⟨ ,       ⟩ ⟨ ,        ⟩ ⟨ ,        ⟩

⟨ ,       ⟩ ⟨ ,        ⟩ ⟨ ,        ⟩

has same shape with
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⟨ ,       ⟩

2022/11/25

×

⟨ ,        ⟩ ⟨ ,        ⟩

⟨ ,       ⟩ ⟨ ,        ⟩ ⟨ ,        ⟩

⟨ ,       ⟩ ⟨ ,        ⟩ ⟨ ,        ⟩

has more angles than

30



Binary Relation

Let 𝑨,𝑩 be sets. A binary relation from 𝑨 to 𝑩 is a subset of 𝑨 × 𝑩.

2022/11/25

• In other words, a binary relation from 𝑨 to 𝑩 is a set 𝑹 of ordered 

pairs, where the first element of each ordered pair comes from 𝑨
and the second element comes from 𝑩.

– 𝒂𝑹𝒃 means ⟨𝒂, 𝒃⟩ ∈ 𝑹

– 𝒂𝑹𝒃 means ⟨𝒂, 𝒃⟩ ∉ 𝑹

• A relation on a set 𝑨 is a relation from 𝑨 to 𝑨, or is a subset of 𝑨 × 𝑨.
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Domain, Range and Field

2022/11/25

• For a relation 𝑹 from 𝑨 to 𝑩, we define:

– The domain( )of 𝑅 is:

𝑑𝑜𝑚 𝑅 = {𝑥|(∃𝑦)(⟨𝑥, 𝑦⟩ ∈ 𝑅)}

– The range( )of 𝑅 is:

𝑟𝑎𝑛 𝑅 = {𝑦|(∃𝑥)(⟨𝑥, 𝑦⟩ ∈ 𝑅)}

– The field( )of 𝑅 is:

𝑓𝑙𝑑 𝑅 = 𝑑𝑜𝑚 𝑅 ∪ 𝑟𝑎𝑛(𝑅)
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Binary Relation

2022/11/25

• For set 𝑨 = {1,2,3}, define:

– 𝑅1 = ⟨𝑥, 𝑦⟩ 𝑥 ∈ 𝐴 ∧ 𝑦 ∈ 𝐴 ∧ 𝑥 𝑦

– 𝑅2 = ⟨𝑥, 𝑦⟩|𝑥 ∈ 𝐴 ∧ 𝑦 ∈ 𝐴 ∧ 𝑥 < 𝑦

• Then

– 1𝑅12 , 2𝑅23

– 𝑅1 = 1,1 , ⟨1,2⟩, ⟨1,3⟩, ⟨2,2⟩, ⟨3,3⟩

– 𝑅2 = {⟨1,2⟩, ⟨1,3⟩, ⟨2,3⟩}

– 𝑑𝑜𝑚 𝑅1 = {1,2,3}, 𝑟𝑎𝑛(𝑅1) = {1,2,3}, 𝑓𝑙𝑑(𝑅1) = {1,2,3}

– 𝑑𝑜𝑚 𝑅2 = {1,2}, 𝑟𝑎𝑛(𝑅2) = {2,3}, 𝑓𝑙𝑑(𝑅2) = {1,2,3}
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Special Relations

2022/11/25

• For any set 𝑨, there are three kinds of special relations.

– The identity relation :

𝑰𝑨 = {⟨𝒙, 𝒙⟩|𝒙 ∈ 𝑨}

– The universal relation :

𝑬𝑨 = {⟨𝒙, 𝒚⟩|𝒙 ∈ 𝑨 ∧ 𝒚 ∈ 𝑨}

– The empty relation :

𝑵𝑨 = ∅

• For arbitrary elements 𝒙 ∈ 𝑨 and 𝒚 ∈ 𝑨:

– 𝑥𝑁𝐴𝑦 holds never

– 𝑥𝐸𝐴𝑦 holds always

– 𝑥𝐼𝐴𝑦 holds if and only if 𝑥 = 𝑦
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Relation Matrix( )

2022/11/25

• Suppose that 𝑹 is a relation from 𝐴 = {𝑎1, 𝑎2, 𝑎3, … , 𝑎𝑚} to 𝐵 =
𝑏1, 𝑏2, 𝑏3… , 𝑏𝑛 . Then the relation 𝑅 can be represented by zero-one 

matrix 𝑀𝑅 = 𝑚𝑖𝑗 𝑚×𝑛
, where:

𝑚𝑖𝑗 = ൝
1 𝑖𝑓⟨𝑎𝑖 , 𝑏𝑗⟩ ∈ 𝑅

0 𝑖𝑓⟨𝑎𝑖 , 𝑏𝑗⟩ ∉ 𝑅

• If 𝑹 is a relation on 𝑨 = 𝒂𝟏, 𝒂𝟐, 𝒂𝟑…𝒂𝒎 , then the relation matrix of 

𝑹 is a 𝑚 ×𝑚 square 𝑀𝑅 = 𝑚𝑖𝑗 𝑚×𝑚
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Relation Matrix: Example
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Relation Matrix: Example

Identity relation 𝑰:
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Relation Matrix: Example

Universal relation 𝑬:
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Relation Matrix: Example

Empty relation 𝑵:
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Digraphs( )
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Digraphs
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Combining Relations

• Because relations from 𝑨 to 𝑩 are subsets of 𝑨 × 𝑩, two relations 

from 𝑨 to 𝑩 can be combined in any way two sets can be combined.
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Combining Relations: Relation Matrix
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Inverse of Relations
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Inverse of Relations: Relation Matrix
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Inverse of Relations: Relation Matrix

2022/11/25 46



Composite of Relations
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Composite of Relations

2022/11/25

1

2

3

4

5

6

7

𝑹

𝑹

𝑺

𝑺

𝑺 R
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Composite of Relations: Relation Matrix
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1 0 1

0 1 1

1 1

0 0

0 1

⊙ = ?



1 0 1

0 1 1

1 1

0 0

0 1

⊙ =
(1∧ 𝟏) ∨ (0∧0)∨

(1∧0)



1 0 1

0 1 1

1 1

0 0

0 1

⊙ =
1



1 0 1

0 1 1

1 1

0 0

0 1

⊙ =
1 (1∧ 𝟏) ∨(0∧0)∨(1∧

𝟏)



1 0 1

0 1 1

1 1

0 0

0 1

⊙ =
1 1



1 0 1

0 1 1

1 1

0 0

0 1

⊙ =
1 1

0



1 0 1

0 1 1

1 1

0 0

0 1

⊙ =
1 1

0 1



1 0 1

0 1 1

1 1

0 0

0 1

⊙ =
1 1

0 1



Property of Inverse and Composite
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𝑹𝟏 ∘ 𝑹𝟐 ∩ 𝑹𝟑 ⊆ 𝑹𝟏 ∘ 𝑹𝟐 ∩ 𝑹𝟏 ∘ 𝑹𝟑

Proof:

⟨𝑥, 𝑦⟩ ∈ 𝑅1 ∘ 𝑅2 ∩ 𝑅3

⇔ (∃𝑧)(⟨𝑥, 𝑧⟩ ∈ 𝑅2 ∩ 𝑅3 ∧ ⟨𝑧, 𝑦⟩ ∈ 𝑅1)

⇔ (∃𝑧)⟨⟨𝑥, 𝑧⟩ ∈ 𝑅2 ∧ ⟨𝑥, 𝑧⟩ ∈ 𝑅3 ∧ ⟨𝑧, 𝑦⟩ ∈ 𝑅1⟩

⇒ (∃𝑧)(⟨𝑥, 𝑧⟩ ∈ 𝑅2 ∧ ⟨𝑧, 𝑦⟩ ∈ 𝑅1⟩ ∧ (∃𝑧)⟨⟨𝑥, 𝑧⟩ ∈ 𝑅3 ∧ ⟨𝑧, 𝑦⟩ ∈ 𝑅1)

⇔ ⟨𝑥, 𝑦⟩ ∈ 𝑅1 ∘ 𝑅2 ∧ ⟨𝑥, 𝑦⟩ ∈ 𝑅1 ∘ 𝑅3

⇔ ⟨𝑥, 𝑦⟩ ∈ 𝑅1 ∘ 𝑅2 ∩ ⟨𝑅1 ∘ 𝑅3⟩
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Power of Relations

• For a relation 𝑅 on set 𝐴, 𝑛 ∈ ℕ, the 𝑛th power of 𝑅, donated by 𝑅𝑛, 

is :

– 𝑅0 = 𝐼𝐴

– 𝑅𝑛+1 = 𝑅𝑛 ∘ 𝑅

• 𝑅 = {⟨𝑎, 𝑏⟩, ⟨𝑏, 𝑎⟩, ⟨𝑏, 𝑐⟩, ⟨𝑐, 𝑑⟩}

– 𝑅0 = {⟨𝑎, 𝑎⟩, ⟨𝑏, 𝑏⟩, ⟨𝑐, 𝑐⟩, ⟨𝑑, 𝑑⟩}

– 𝑅1 = 𝑅 = {⟨𝑎, 𝑏⟩, ⟨𝑏, 𝑎⟩, ⟨𝑏, 𝑐⟩, ⟨𝑐, 𝑑⟩}

– 𝑅2 = 𝑅4 = ⟨𝑎, 𝑎⟩, ⟨𝑎, 𝑐⟩, ⟨𝑏, 𝑏⟩, 𝑏, 𝑑

– 𝑅3 = 𝑅5 = ⟨𝑎, 𝑏⟩, ⟨𝑎, 𝑑⟩, ⟨𝑏, 𝑎⟩, ⟨𝑏, 𝑐⟩
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Power of Relations

• For a relation 𝑅 on set 𝐴, 𝑛 ∈ ℕ, the 𝑛th power of 𝑅, donated by 𝑅𝑛, 

is :

– 𝑅0 = 𝐼𝐴

– 𝑅𝑛+1 = 𝑅𝑛 ∘ 𝑅

• 𝑅 = {⟨𝑎, 𝑏⟩, ⟨𝑏, 𝑎⟩, ⟨𝑏, 𝑐⟩, ⟨𝑐, 𝑑⟩}

– 𝑅0 = {⟨𝑎, 𝑎⟩, ⟨𝑏, 𝑏⟩, ⟨𝑐, 𝑐⟩, ⟨𝑑, 𝑑⟩}

– 𝑅1 = 𝑅 = {⟨𝑎, 𝑏⟩, ⟨𝑏, 𝑎⟩, ⟨𝑏, 𝑐⟩, ⟨𝑐, 𝑑⟩}

– 𝑅2 = 𝑅4 = ⟨𝑎, 𝑎⟩, ⟨𝑎, 𝑐⟩, ⟨𝑏, 𝑏⟩, 𝑏, 𝑑

– 𝑅3 = 𝑅5 = ⟨𝑎, 𝑏⟩, ⟨𝑎, 𝑑⟩, ⟨𝑏, 𝑎⟩, ⟨𝑏, 𝑐⟩

2022/11/25 61

Some different power 
of R are equal.



Power of Relations

𝑨 is a finite set and 𝑨 = 𝑛, 𝑹 is a relation on 𝑨, then there exits natural 

number 𝑠, 𝑡 , 𝑠 ≠ 𝑡 ,such that 𝑅𝑠 = 𝑅𝑡

2022/11/25

Proof:

Any relation on 𝑨 is a subset of 𝑨 × 𝑨, or an element of 𝒫(𝐴 × 𝐴).

We know that 𝒫 𝐴 × 𝐴 = 2|𝐴×𝐴| = 2 𝐴 2
= 2𝑛

2
, so there are finite many 

relations on a finite set 𝑨. But there are infinite many powers of 𝑅. It means 

there are different powers of 𝑹 which are equal, or 

(∃𝑠)(∃𝑡)(𝑠 ∈ ℕ ∧ 𝑡 ∈ ℕ ∧ 𝑠 ≠ 𝑡 ∧ 𝑅𝑠 = 𝑅𝑡)

Q.E.D
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Power of Relations

• 𝑅𝑚 ∘ 𝑅𝑛 = 𝑅𝑚+𝑛

• 𝑅𝑚 𝑛 = 𝑅𝑚𝑛

• 𝑨 is a finite set and 𝑨 = 𝑛, 𝑹 is a relation on 𝑨, and there exits 

natural number 𝑠, 𝑡 , 𝑠 ≠ 𝑡 ,such that 𝑅𝑠 = 𝑅𝑡

– 𝑅𝑠+𝑘 = 𝑅𝑡+k, 𝑘 ∈ ℕ

– 𝑅𝑠+𝑘𝑝+𝑖 = 𝑅𝑡+k𝑝+𝑖 , 𝑘 ∈ ℕ, 𝑖 ∈ ℕ, 𝑝 = 𝑡 − 𝑠

– Let 𝐵 = {𝑅0, 𝑅1, …𝑅𝑡−1}, then for any natural number q, 𝑅𝑞 ∈ 𝐵
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How can we capture a structure with relations?
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Partitions( )
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Partitions
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Partitions

2022/11/25 67



Partitions
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Partitions

• A partition of a set is a way of splitting the set into disjoint, 

nonempty subsets so that every element belongs to exactly one 

subset.

• Intuitively, a partition of a set breaks the set apart into smaller pieces.
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Partitions

• More formally, for a non-empty set 𝑨, a set 𝝅 is called the partition of 

𝑨 if:

– ∅ ∉ 𝝅

– (∀𝒙)(𝒙 ∈ 𝝅 → 𝒙 ⊆ 𝑨)

– ⋃𝝅 = 𝑨

– (∀𝒙)(∀𝒚)( 𝒙 ∈ 𝝅 ∧ 𝒚 ∈ 𝝅 ∧ 𝒙 ≠ 𝒚 → 𝒙 ∩ 𝒚 = ∅)
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Partitions

• For set 𝐴 = {𝑎, 𝑏, 𝑐, 𝑑}

– 𝝅𝟏 = { 𝒂 , 𝒃, 𝒄 , {𝒅}}

– 𝝅𝟐 = {{𝒂, 𝒃, 𝒄, 𝒅}}

– 𝝅𝟑 = 𝒂, 𝒃 , 𝒄 , 𝒂, 𝒅

– 𝝅𝟒 = {{𝒂, 𝒃, 𝒅}}

2022/11/25

valid partitions

not partition
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What is the relationship between partitions and relations?
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Relation in Partition

• For a partition 𝝅 of set 𝑨, we can define a relation 𝑅 such that 𝒂𝑹𝒃 if 

𝒂 and 𝒃 are in a same partition block.

𝑹 = {⟨𝒂, 𝒃⟩|(∃𝝅𝟎)(𝝅𝟎 ∈ 𝝅 ∧ 𝒂 ∈ 𝝅𝟎 ∧ 𝒃 ∈ 𝝅𝟎)}

• Then we have:

– 𝒂𝑹𝒂 for ∀𝒂 ∈ 𝑨

– If 𝒂𝑹𝒃, then 𝒃𝑹𝒂

– If 𝒂𝑹𝒃 and 𝒃𝑹𝒄, then 𝒂𝑹𝒄
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Relation in Partition

• For a partition 𝝅 of set 𝑨, we can define a relation 𝑅 such that 𝒂𝑹𝒃 if 

𝒂 and 𝒃 are in a same partition block.

𝑹 = {⟨𝒂, 𝒃⟩|(∃𝝅𝟎)(𝝅𝟎 ∈ 𝝅 ∧ 𝒂 ∈ 𝝅𝟎 ∧ 𝒃 ∈ 𝝅𝟎)}

• Then we have:

– 𝒂𝑹𝒂 for ∀𝒂 ∈ 𝑨

– If 𝒂𝑹𝒃, then 𝒃𝑹𝒂

– If 𝒂𝑹𝒃 and 𝒃𝑹𝒄, then 𝒂𝑹𝒄
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An element is in the same partition 
block with itself.

If a and b are in the same block, then b
and b are in the same block too.

If a and b are in the same block, b and c
are also in the same block, then a and c
are in the same block which contains b.



(∀𝒂)(𝒂 ∈ 𝑨 → 𝒂𝑹𝒂)

Relation in Partition

2022/11/25

(∀𝒂)(∀𝒃)( 𝒂 ∈ 𝑨 ∧ 𝒃 ∈ 𝑨 ∧ 𝒂𝑹𝒃 → 𝒃𝑹𝒂)

∀𝒂 ∀𝒃 ∀𝒄

𝒂 ∈ 𝑨 ∧ 𝒃 ∈ 𝑨 ∧ 𝒄 ∈ 𝑨 ∧ 𝒂𝑹𝒃 ∧ 𝒃𝑹𝒄 → 𝒂𝑹𝒄
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(∀𝒂)(𝒂 ∈ 𝑨 → 𝒂𝑹𝒂)

Relation in Partition

2022/11/25

(∀𝒂)(∀𝒃)( 𝒂 ∈ 𝑨 ∧ 𝒃 ∈ 𝑨 ∧ 𝒂𝑹𝒃 → 𝒃𝑹𝒂)

∀𝒂 ∀𝒃 ∀𝒄

𝒂 ∈ 𝑨 ∧ 𝒃 ∈ 𝑨 ∧ 𝒄 ∈ 𝑨 ∧ 𝒂𝑹𝒃 ∧ 𝒃𝑹𝒄 → 𝒂𝑹𝒄
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Reflexivity( )

2022/11/25

• Some relations always hold from any element to itself.

• Examples:

– 𝒙 = 𝒙 for any x

– 𝑨 ⊆ 𝑨 for any set 𝐴

– 𝒙 ≥ 𝒙 for any x

• Relations of this sort are called reflexive.

𝑹 on 𝑨 is reflexive ⇔ (∀𝒂)(𝒂 ∈ 𝑨 → 𝒂𝑹𝒂)
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Reflexivity: Example

2022/11/25

• 𝑰𝑨 and 𝑬𝑨

• =,≥,≤ on ℝ

• 𝑹 = ⟨1,1⟩, ⟨2,2⟩, ⟨3,1⟩ on set 𝑨 = {1,2,3}
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Reflexivity: Example

2022/11/25

• 𝑰𝑨 and 𝑬𝑨

– 𝑎𝐼𝐴𝑎 and 𝑎𝐸𝐴𝑎 for all 𝑎 ∈ 𝐴

• =,≥,≤ on ℝ

– 𝑎 = 𝑎, 𝑎 ≥ 𝑎, 𝑎 ≤ 𝑎 for all 𝑎 ∈ ℝ

• 𝑹 = ⟨1,1⟩, ⟨2,2⟩, ⟨3,1⟩ on set 𝑨 = {1,2,3}

– ⟨3,3⟩ ∉ 𝑅, it’s not reflexive


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(∀𝒂)(𝒂 ∈ 𝑨 → 𝒂𝑹𝒂)

Relation in Partition

2022/11/25

(∀𝒂)(∀𝒃)( 𝒂 ∈ 𝑨 ∧ 𝒃 ∈ 𝑨 ∧ 𝒂𝑹𝒃 → 𝒃𝑹𝒂)

∀𝒂 ∀𝒃 ∀𝒄

𝒂 ∈ 𝑨 ∧ 𝒃 ∈ 𝑨 ∧ 𝒄 ∈ 𝑨 ∧ 𝒂𝑹𝒃 ∧ 𝒃𝑹𝒄 → 𝒂𝑹𝒄
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Symmetry( )

2022/11/25

• In some relations, the relative order of the objects doesn't matter.

• Examples:

– If 𝒙 = 𝒚 then 𝒚 = 𝒙

– If 𝒙 ≡𝒌 𝒚 then 𝒚 ≡𝒌 𝒙

• These relations are called symmetric.

𝑹 on 𝑨 is symmetric ⇔
(∀𝒂)(∀𝒃)((𝒂 ∈ 𝑨 ∧ 𝒃 ∈ 𝑨 ∧ 𝒂𝑹𝒃) → 𝒃𝑹𝒂)

81



Symmetry : Example

2022/11/25

• 𝑰𝑨 and 𝑬𝑨

• 𝑵𝑨

• 𝑹 = {⟨1,2⟩, ⟨2,1⟩, ⟨3,3⟩} on {1,2,3}
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Symmetry : Example

2022/11/25

• 𝑰𝑨 and 𝑬𝑨

– 𝑎𝐼𝐴𝑏 → 𝑏𝐼𝐴𝑎, 𝑎𝐸𝐴𝑏 → 𝑏𝐸𝐴𝑎

• 𝑵𝑨

– 𝑎𝑁𝐴𝑏 → 𝑏𝑁𝐴𝑎 always hold cause 𝑎𝑁𝐴𝑏 never holds

• 𝑹 = {⟨1,2⟩, ⟨2,1⟩, ⟨3,3⟩} on {1,2,3}
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𝑹 is symmetric ⇔𝑴𝑹 is symmetric matrix

Symmetry : Relation Matrix

2022/11/25

• So if 𝑹 is symmetric , then 𝑹−𝟏 = 𝑹 as 𝑴𝑹−𝟏 = 𝑴𝑹
𝑻 = 𝑴𝑹

• 𝑴𝑬𝑨 , 𝑴𝑰𝑨 and 𝑴𝑵𝑨 are both symmetric matrix
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(∀𝒂)(𝒂 ∈ 𝑨 → 𝒂𝑹𝒂)

Relation in Partition

2022/11/25

(∀𝒂)(∀𝒃)( 𝒂 ∈ 𝑨 ∧ 𝒃 ∈ 𝑨 ∧ 𝒂𝑹𝒃 → 𝒃𝑹𝒂)

∀𝒂 ∀𝒃 ∀𝒄

𝒂 ∈ 𝑨 ∧ 𝒃 ∈ 𝑨 ∧ 𝒄 ∈ 𝑨 ∧ 𝒂𝑹𝒃 ∧ 𝒃𝑹𝒄 → 𝒂𝑹𝒄
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Transitivity( )

2022/11/25

• Many relations can be chained together.

• Examples:

– If 𝒙 = 𝒚 and 𝒚 = 𝒛 then 𝒙 = 𝒛

– If 𝑷 ⊆ 𝑸 and 𝑸 ⊆ 𝑺, then 𝑷 ⊆ 𝑺

– If 𝒙 ≡𝒌 𝒚 and 𝒚 ≡𝒌 𝒛, then 𝒙 ≡𝒌 𝒛

• These relations are called transitive.

𝑹 on 𝑨 is transitive ⇔

∀𝒂 ∀𝒃 ∀𝒄 𝒂 ∈ 𝑨 ∧ 𝒃 ∈ 𝑨 ∧ 𝒄 ∈ 𝑨 ∧ 𝒂𝑹𝒃 ∧ 𝒃𝑹𝒄 → 𝒂𝑹𝒄
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Transitivity : Example

2022/11/25

• 𝑰𝑨 and 𝑬𝑨

• 𝑵𝑨

• 𝑹 = {⟨1,2⟩, ⟨2,3⟩, ⟨3,3⟩} on {1,2,3}
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Transitivity : Example

2022/11/25

• 𝑰𝑨 and 𝑬𝑨

• 𝑵𝑨

• 𝑹 = {⟨1,2⟩, ⟨2,3⟩, ⟨3,3⟩} on {1,2,3}

– ⟨1,2⟩ ∈ 𝑅, ⟨2,3⟩ ∈ 𝑅 but ⟨1,3⟩ ∉ 𝑅


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